
Çàäà÷à 1Äàíî öåëîå ÷èñëî p. Èçâåñòíî, ÷òî p äà¼ò îñòàòîê 7 ïðè äåëåíèè íà 8.Äîêàçàòü, ÷òî ñóììà êâàäðàòè÷íûõ âû÷åòîâ1, áîëüøèõ íóëÿ, íî ìåíü-øèõ p
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.�åøåíèåËåììà: äëÿ ëþáîãî x ∈ R âåðíî ðàâåíñòâî:
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,ãäå {x} îáîçíà÷àåò äðîáíóþ ÷àñòü ÷èñëà x.Äîêàçàòåëüñòâî: Ïóñòü x = n + α, ãäå n = [x], α = {x}, ò.å. 0 ≤ α < 1,
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,÷.ò.ä.Ïåðåéä¼ì ê îñíîâíîé çàäà÷å. Ñóììà âñåõ öåëûõ ÷èñåë, áîëüøèõ 0, íîìåíüøèõ p
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8Íàì íàäî äîêàçàòü, ÷òî ñóììà êâàäðàòè÷íûõ âû÷åòîâ ðàâíà ïîëîâèíåýòîé ñóììû èëè, ÷òî òî æå, äîêàçàòü, ÷òî ñóììà êâàäðàòè÷íûõ âû÷åòîâðàâíà ñóììå êâàäðàòè÷íûõ íåâû÷åòîâ. Çàïèøåì ýòî ñ ïîìîùüþ ñèìâîëàËåæàíäðà:
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2 = −1, ò.ê. p = 8k1 − 1. (k1 ∈ N).1×èñëî a, íå êðàòíîå p, íàçûâàåòñÿ êâàäðàòè÷íûì âû÷åòîì, åñëè íàéä¼òñÿ òàêîåöåëîå x, ÷òî a − x
2 äåëèòñÿ íà p. 1
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. Î÷åâèäíî, ÷òî ÷èñëà

rk � êâàäðàòè÷íûå âû÷åòû. Ïðåäïîëîæèì, ÷òî ñðåäè íèõ åñòü ðàâíûå:
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Ïóñòü k2 ≡ ak (mod p), 0 < ak < p, k = 1, p−1
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. Òîãäà p
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2
. Òîãäà p

{
k2

p

}

=

p · bk

p
= bk.

(
bk

p

)

=
(

2k2

p

)

=
(

2

p

)

= 1;
(

ak

p

)

=
(

k2

p

)

= 1, ò.å. ak è bk� êâàäðàòè÷íûå âû÷åòû. Àíàëîãè÷íî ñ rk, äîêàçûâàåì, ÷òî íàáîðû akè bk � ïîëíûå íàáîðû êâàäðàòè÷íûõ âû÷åòîâ.(Åñëè am = an, òî m2 ≡
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Çàäà÷à 2a) Äîêàæèòå íåðàâåíñòâî:
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Ëåììà 2 (Íåðàâåíñòâî �¼ëüäåðà):
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Çàäà÷à 3Íàéòè âñå �óíêöèè f : R → R, êîòîðûå äëÿ ëþáûõ x, y óäîâëåòâîðÿþòíåðàâåíñòâó:
(f(x + y))2 + (x + y)2 ≤ (x + y) (f(x + y) + f(x) + f(y)) (5)�åøåíèå Ïîëîæèì x = y = 0 :

(f(0))2 ≤ 0 ⇒ f(0) = 0.Ïîëîæèì òåïåðü y = 0 :

(f(x))2 + x2 ≤ x · 2f(x) ⇒ (f(x) − x)2 ≤ 0 ⇒ f(x) = x.Èòàê, f(x) = x ∀x ∈ R. Ïðîâåðêà î÷åâèäíà.Îòâåò: f(x) = x ∀x ∈ R.Çàäà÷à 4Ïóñòü a, b, c ≥ 0 è a2 + b2 + c2 = 3. Äîêàæèòå íåðàâåíñòâî:
(
a2b2 + b2c2 + c2a2

) (
a2b2 + b2c2 + c2a2 + 3abc

)
≥ 18a2b2c2. (6)ÄîêàçàòåëüñòâîËåììà:

(xy + yz + zx)2 ≥ 3(x + y + z)xyz, ∀x, y, z ≥ 0 (7)Äîêàçàòåëüñòâî: �àñêðîåì ñêîáêè:
x2y2 + y2z2 + z2x2 + 2xy2z + 2x2yz + 2xyz2 ≥ 3xy2z + 3x2yz + 3xyz2

⇔ x2y2 + y2z2 + z2x2 ≥ xy2z + x2yz + xyz2Ïîñëåäíåå íåðàâåíñòâî åñòü íåðàâåíñòâî òð¼õ êâàäðàòîâ äëÿ xy yz è zx,÷.ò.ä.Ââåä¼ì îáîçíà÷åíèÿ: s = a2 + b2 + c2 = 3, t = a2b2 + b2c2 + c2a2, p = a2b2c2.Òåïåðü, ïîëîæèâ â ëåììå x = a2, y = b2, z = c2, ïåðåïèøåì íåðàâåíñòâî7 â âèäå:
t2 ≥ 3sp ⇒ t ≥ 3

√
p, ò.ê. s = 3. (8)5



Òðåáóåìîå íåðàâåíñòâî ïåðåïèøåòñÿ â âèäå
t (t + 3

√
p) ≥ 18p (9)Ïî ëåììå (íåðàâåíñòâî 8) èìååì:

t (t + 3
√

p) = t2 + 3t
√

p ≥ 9p + 9p = 18p, ÷.ò.ä. (10)
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